Charge is transported through superconducting SSS single-electron transistors at finite bias voltages by a combination of coherent Cooper-pair tunneling and quasiparticle tunneling. At low transport voltages the effect of an "odd" quasiparticle in the island leads to a 2e-periodic dependence of the current on the gate charge. We evaluate the I − V characteristic in the framework of a model which accounts for these effects as well as for the influence of the electromagnetic environment. The good agreement between our model calculation and experimental results demonstrates the importance of coherent Cooper-pair tunneling and parity effects.
The single-electron tunneling (SET) transistor has proven an ideal system to display the concepts of "single electronics". In this device an island is coupled via tunnel junctions to the leads. The island potential can be modulated by a capacitively coupled gate voltage V g .
In transistors with normal-conducting islands and leads the current depends e-periodically on the gate charge Q 0 = C g V g . Recently much attention has been devoted to single-electron transistors with superconducting islands and normal leads (NSN) and entirely superconducting systems (SSS). In a superconducting island, where Cooper pairs form the condensate, the addition of one extra electron -the "odd" one -costs the gap energy ∆ [1] . Hence the physical properties of the system depend on the parity of the charge number in the island, and the I − V characteristics is expected to be 2e-periodic in the gate charge. The first clear signature of 2e-periodicity was observed by Tuominen et al. [2] . However, no satisfactory explanation of these experimental results has been provided until now. In the meantime a number of experiments both in NSN transistors [3, 4] and in SSS transistors [5] [6] [7] [8] [9] have demonstrated a rich variety of phenomena and show good agreement with theoretical results. It is now also well understood [4] that the difficulties in observing the 2e-periodicity arise from the extreme sensitivity of the even-odd difference to effects of the electromagnetic environment which create non-equilibrium quasiparticles.
Parallel to the experiments the theoretical description of systems exhibiting parity effects made rapid progress. In Ref. [2] the authors present an equilibrium model which accounts for the temperature dependence of the even-odd asymmetry. A kinetic model was developed in Ref. [10] to describe transport. In this framework the I − V characteristics of NSN transistors can be derived [4, 11] . For SSS transistors, there exists a well-developed theory for the current-biased system [12, 5, 13] . The voltage-biased system has been considered in the absence of parity effects [14] , while in Ref. [8] only resonant Cooper-pair tunneling has been studied. In this paper we investigate a model which includes Cooper-pair and singleparticle tunneling as well as parity effects. First we study the I − V characteristic of an SSS transistor in the absence of external impedances. In the transport voltage range eV < ∼ E C even-odd effects are observed (E C denotes the scale of the charging energy, see below). We then discuss examples for the relevant transport processes. In order to compare with the experiment, we account for the influence of the electromagnetic environment. This rather complex model explains the experimental results of Ref. [2] .
We consider a SET transistor (see Fig. 1 ) with superconducting electrodes and island (with energy gaps ∆) below the crossover temperature T cr = ∆/k B ln N ef f where parity effects can be observed. Here N ef f = 2N I (0) √ 2π∆k B T is the effective number of states available for the odd quasiparticle [2] and N I (0) is the density of states (per spin) in the island. For the moment we ignore the effect of the external impedance.
The system can be described by a sum of Hamiltonians for the left and right electrode and the island, the charging energy and the tunneling Hamiltonian H = H L +H R +H I +H ch +H T .
We will treat the Josephson tunneling non-perturbatively. Hence we start from the model
and we will account for the quasiparticle tunneling in perturbation theory. Here Q ≡ (n l − n r )e denotes the island charge, and we defined a total charge which has passed through the systemQ ≡ (n l + n r )e (with respect to a reference state). Further C = C l + C r + C g is the total island capacity and Q 0 = C g V g the offset charge (here we assume C l = C r ). The first two terms describe the charging energy and the energy gain in tunneling due to the transport voltage. They are diagonal in the basis of charge states |Q,Q . The typical scale of the charging energy is E C = e 2 /2C. The last term describing Cooper-pair tunneling with coupling energy E J is off-diagonal and, thus, mixes the charge states |Q,Q . Therefore, the eigenstates of H 0 are linear combinations of these states
A dc-current requires a dissipation mechanism. In the case of zero external impedance the quasiparticle tunneling can cause transitions between different eigenstates |Ψ k . It is accounted for by
The tunneling matrix elements in the left/right junction T (l/r) pk are related to the conductance of the junctions by 1/R l/r = 4πe
. If the junction resistances are large compared to the quantum resistance R l/r > R K = h/e 2 the transition rates can be calculated by the golden rule
Here
qp is the well-known I − V characteristic for quasiparticle tunneling [15] between superconductors and ε if is the energy difference between initial and final state. In order to allow for the parity effect, we have to include the escape rate γ esc of an odd quasiparticle in the island [10] 
In order to determine the dc-current, we follow the procedure described in Ref. [14] :
First, we determine the eigenstates of H 0 either in perturbation theory (as we shall discuss below) or numerically taking into account a sufficient number of charge states. This procedure converges for not too large Josephson coupling energies E J < E C . Given the eigenstates |Ψ k we calculate the rates in Eq. (4), which then enter a master equation
for the probabilities P k to find the system in the k-th eigenstate. The stationary solution ∂ t P k = 0 is sufficient to evaluate the dc-current
The results are shown in Fig. 2(a) . We used the parameters ∆ = 1.
, which correspond to those in Ref. [2] . Here ±2,±2 ∝ E J /E C to find the system in the charge states |Q = ±2e,Q = ±2e . Since also several Cooper pairs can tunnel coherently, the system can be, e.g., in the charge state |2e, 6e with a very small amplitude a
At resonance lines, however, it is possible that this amplitude is much larger. Let us consider the solid straight line in Fig. 2 (b) , which is given by
Along this line the charge states |0e, 0e and |2e, 6e have the same energy, i.e., three Cooper pairs tunnel resonantly there. The resonance results in a drastically increased amplitude
A transition from |Ψ 0 to another eigenstate can occur if it is energetically favorable and the matrix element of the final state with |Ψ 0 according to Eq. (4) is nonzero. On analyzing which transitions due to quasiparticle tunneling are energetically favorable, we find that a process |Ψ 0 ≈ |0e, 0e −→ |Ψ 1 ≈ |1e, 7e (process a)
is possible. Out of resonance the rate of process a) is of the order (E J /E C ) 6 . In a narrow strip (whose width is characterized by E J ) around the resonance line Eq. (7), however, we
The line in Fig. 2(b) corresponding to Eq. (7) marks the most significant resonance in the I −V characteristic. We are, thus, led to the conclusion that the dominant transport process in the subgap region is tunneling of quasiparticles accompanied by simultaneous tunneling of several Cooper pairs. Due to this combination enough energy is gained to overcome the quasiparticle tunneling gap 2∆. The importance of this type of transport mechanism was first noted by Fulton et al. [17] . Although the rates for these processes in general are small, they are considerably enhanced in situations, where resonant transfer of Cooper pairs is possible.
So far we have studied the conditions for the system to leave the initial state. However, a dc charge transport through the system requires cycles, after which the island returns to a state equivalent to the initial one. The simplest version is a two-step cycle of subsequent transitions of the same type in the left and right junction. Such cycles dominate in NNN or NSN transistors at low bias voltages. The cycles which lead to the pronounced features in Fig. 2 arise due to two-step cycles as well, but the second step is different from the first one. The transition completing the cycle which starts with process a) is
i.e., quasiparticle transfer accompanied by only two Cooper pairs tunneling. The latter process is not in resonance and, therefore, the rate is Γ b ∝ (E J /E C ) 4 . Whereas off-resonance the process a) is the bottleneck for the current, at resonance the process b) has the smaller rate. This explains that at the resonance the current increases by roughly two orders of magnitude.
Another interesting feature in the I − V characteristic is the shoulder-like structure between the high resonances for gate charges Q 0 ∈ [e/2, e]. It is directly related to the escape rate γ esc of the odd particle. The first step in the relevant cycle is a process similar to process b)
with a rate ∝ (E J /E C ) 4 , which is relatively large (as discussed before). The current, however, is limited by the second step
This is a pure quasiparticle transition without Cooper pairs, which can occur because the escape rate γ esc has no gap. In Fig. 2(b) it is seen that the cycle sets in for transport voltages eV ≥ 4E C (Q 0 − 1/2) (the dashed straight line). This is exactly the condition for the odd quasiparticle to gain energy on leaving the island.
So far we have considered the ideal case of a vanishing external impedance Z. In order to compare our results with experimental data it is necessary to account for the effect of the electromagnetic environment. An external impedance gives rise to incoherent Cooper-pair transitions. For not too low transport voltages the rate of these transitions is given by (see, e.g., Refs. [14, 19] )
For appropriate parameters they lead to a pronounced resonance structure in the I − V characteristic [20] .
Furthermore, in an experiment the temperature of the environment is not necessarily the same as the electron temperature [21, 4] . High temperature fluctuations in the environment induce quasiparticle tunneling and, thus, can cause qualitative changes in the I − V characteristic. In order to take into account this effect, we have to add to the single-electron tunneling rate Γ i→f the term We have assumed a slight asymmetry of the junction resistances R l : R r = 4 : 3. l n r 00 00 00 00 00 00 11 11 11 11 11 11 00 00 00 00 00 00 
